We calculate analytically the spectrum of the Andreev bound states in a half-infinite superconducting wire with an arbitrary number of bands crossing the chemical potential. The normal state of the wire is assumed to have an antiunitary symmetry A (time reversal or its combination with a crystallographic point group operation), with A 2 = −1 or +1. This symmetry may be broken by the superconducting order parameter and/or the boundary scattering. We present a model-independent proof of the existence of one Majorana mode near the end of the wire with an odd number of bands.
I. INTRODUCTION
One of the most promising experimental setups for the realization of Majorana fermions (MFs) in condensed matter 1-3 is based on Kitaev's lattice model of a one-dimensional (1D) spin-polarized p-wave superconductor. 4 In the topologically nontrivial state this model has unpaired, or "dangling", zero-energy Andreev boundary states (ABSs), interpreted as MFs. One can engineer a Kitaev chain-like system using a semiconducting wire in which superconductivity is induced by proximity with a conventional bulk superconductor. [5] [6] [7] The crucial ingredients for the quantum-wire MF proposals are an antisymmetric spin-orbit coupling (SOC), see Ref. 8 , and time reversal (TR) symmetry breaking, e.g., by an external magnetic field. The former requires the absence of an inversion center in the system, 9 which naturally occurs in a quantum wire placed on a substrate. The antisymmetric SOC lifts the spin degeneracy of the electron states almost everywhere in the 1D Brillouin zone, except the TR-invariant wave vectors, producing an even number N of nondegenerate 1D Bloch bands crossing the chemical potential. A nonzero magnetic field is required to remove the band degeneracies at the TR-invariant points and make odd values of N , in particular, N = 1, possible. The magnetic field has another, perhaps less appreciated, role in that it endows the wire with an antiunitary symmetry, which is crucial for the proper definition of the gap function and the construction of the Bogoliubov-de Gennes (BdG) Hamiltonian. 10 It was argued in Ref. 4 , see also Refs. 11 and 12, that an odd number of superconducting bands is required for the MFs to be topologically stable. However, to the best of the author's knowledge, an explicit analytical proof of this statement for a half-infinite multiband wire is still lacking. The goal of our paper is to fill this gap and calculate the ABS spectrum in a quasi-1D superconducting wire with N bands, for an arbitrary symmetry of the boundary scattering and arbitrary complex values of the N -component order parameter. Using rather general symmetry arguments and the semiclassical (Andreev) approach allows us to calculate the ABS spectrum independently of any particular model for the electronic band structure. Throughout the paper we use the units in which = 1.
II. SYMMETRY ANALYSIS
We consider a clean quasi-1D wire on a flat substrate. The substrate occupies the z < 0 half-space and the wire is oriented along the x axis. The potential energy U (x, y, z) affecting the electrons in the wire is assumed to be periodic in x, with the period d, and confining in both y and z directions. Since the substrate breaks the reflection symmetry σ z , the system lacks an inversion center but may still be invariant under the mirror reflections σ x and/or σ y . Therefore, in the absence of TR symmetry breaking the symmetry of the wire is described by one of the five quasi-1D point groups G:
In the presence of an external magnetic field H, one has to use the magnetic point groups, or the magnetic classes, G M , whose elements leave both the scalar potential U (x, y, z) and the pseudovector H invariant. There are three types of the magnetic classes. 14 Type I classes G M = G do not involve the TR operation K at all, neither by itself nor in combination with σ x and σ y . Type II classes contain K and, therefore, describe TR invariant systems, with H = 0. These classes are obtained from the ordinary point groups as G M = G + KG. Type III magnetic classes contain the TR operation only in combination with σ x and σ y . In the notation for these classes, G M = G(G), the unitary subgroupG comprises the elements of G which are not multiplied by K. In this paper, we focus on Type II and Type III quasi-1D superconductors, which correspond to multiband s-wave and p-wave wires, respectively, see below.
The normal state of an infinite wire is described by the set of 1D electron Bloch bands ξ n (k), with the band energies counted from the chemical potential, and the corresponding Bloch spinor states |k, n , which are labelled by the band index n and the wave vector k. Other than being periodic in the reciprocal space, ξ n (k + 2π/d) = ξ n (k), the bands do not have any additional symmetries, in general. However, in order for the bands to support the formation of the Cooper pairs with zero center-of-mass momentum, the band dispersions have to satisfy ξ n (k) = ξ n (−k), i.e., the magnetic class has to contain at least one symmetry element which transforms k into −k. While this is obviously the case for all Type II classes, in which the Cooper pairing occurs between time-reversed states, there are only three Type III classes that have the requisite k → −k symmetry: 10
corresponding to U (x, −y, z) = U (x, y, z) and H = H xx + H zẑ ,
corresponding to U (−x, y, z) = U (x, −y, z) = U (x, y, z) and H = H xx , and
corresponding to U (−x, y, z) = U (x, −y, z) = U (x, y, z) and H = H zẑ . We see that any deviation of the magnetic field from the xz plane produces asymmetric bands and is therefore detrimental for superconductivity. For symmetric bands, the "Fermi surface" is given by the set of 2N Fermi wave vectors rk F,n , which are the roots of the equations ξ n (k) = 0. Here r = ±, n = 1, ..., N , and N is the number of nondegenerate bands crossing the Fermi level. While in Type II systems N is even, in Type III systems N can be even or odd. The spectrum of fermionic quasiparticles in the superconducting state is obtained by diagonalizing the BdG Hamiltonian, which is obtained as follows. We start with the general mean-field pairing Hamiltonian in some arbitrary basis of single-particle fermionic states |i :Ĥ
Here ε ij = i|ε|j and the gap functions ∆ ij = i|∆|j are the matrix elements of the single-particle Hamiltonianε and the gap operator∆, respectively. In order to properly define the latter, one has to pair up fermions in the states related by an antiunitary operation A (Ref. 10) . For each state |i , we introduce its A-transformed counterpart A|i , as well as the corresponding creation and annihilation operatorsĉ †
Then, the gap function ∆ ij is a measure of the pairing between the states |i and A|j . The BdG Hamiltonian corresponding to the model (4) has the following form:Ĥ
The operators andε andε can be interpreted as the Hamiltonians of electron-like and hole-like quasiparticles in the normal state. It should be noted though that there are no separate electron and hole Hilbert spaces, so that the first-quantization operatorsε,ε, and∆ all act in the same single-particle Hilbert space. We assume that the "bulk" of our quasi-1D wire is invariant under the antiunitary operation A, while the boundaries and/or the superconducting order parameter do not necessarily respect this symmetry. In other words, if the wire occupies the region 0 ≤ x ≤ l, then inside this regionε commutes with A andε =ε, but outsideε may be different fromε. While in Type II systems, one can use as A the TR operation K, which is the usual convention in theory of superconductivity, 15 in Type III systems one should use A = Kσ y , according to Eqs. (1), (2), and (3).
In the bulk of the wire, we use the basis of the Bloch states |i = |k, n in Eq. (4) and obtain:
whereĉ † kn = Aĉ † kn A −1 = t n (k)ĉ † −k,n and the phase factors t n are defined by the expression
The parity of t n and, therefore, that of the gap functions depends on whether A 2 = −1 or +1, when acting on spin-1/2 spinors. In Type II wires, we have A = K, therefore, A 2 = −1 and t n (−k) = −t n (k). In Type III wires, we have A = Kσ y , therefore, A 2 = 1 and t n (−k) = t n (k). Accordingly, the gap functions in Type II wires correspond to a 1D "s-wave" pairing:
In contrast, in Type III wires the gap functions correspond to 1D "p-wave" pairing:
Here η n are the superconducting order parameter components and ϕ n (k) are real odd functions, e.g., ϕ n (k) ∝ k. In both cases, the gap function phases are chosen so as to ensure that the action of the antiunitary operation on the order parameter components is equivalent to complex conjugation. While an A-invariant superconducting state would correspond to real η n , we do not make this assumption here and consider general complex η n .
III. ABS SPECTRUM
In an infinite uniform superconducting wire, the energies of the Bogoliubov excitations are given by E n (k) = ξ 2 n (k) + |∆ n (k)| 2 . While the bulk spectrum is gapped, there might exist subgap states localized near the ends. The energies of these states can be found using the semiclassical approach. 16 To make analytical progress, we assume that the order parameters η 1 , ..., η N in the wire do not depend on x. Then, the semiclassical "envelope" wave function ψ rkF,n (x) of the quasiparticles near the Fermi point rk F,n in the nth band, which varies slowly on the scale of k −1 F,n , satisfies the Andreev equation:
Here v n,r = (∂ξ n /∂k)| k=rkF,n is the quasiparticle group velocity near the Fermi point and |v n,± | = v F,n is the Fermi velocity in the nth band. In a half-infinite (x ≥ 0) wire, the solution of Eq. (11) corresponding to the subgap ABS localized near x = 0 has the form ψ rkF,n (x) = φ(rk F,n )e −Ωnx/vF,n , where
Ω n = |∆ n (rk F,n )| 2 − E 2 , and C is a coefficient. The semiclassical approximation breaks down near the end of the wire due to a rapid variation of the boundary potential, which causes transitions between the states corresponding to different Fermi wave vectors. This can be described by a phenomenological boundary condition for the envelope wave functions.
The Fermi wave vectors are classified as either incident, for which v n,r < 0, or reflected, for which v n,r > 0. We denote the former k in 1 , ..., k in N and the latter k out 1 , ..., k out N , with k out n = −k in n . From Eq. (12), we obtain:
where
Following Ref. 17 , the boundary condition has the form of a linear relation between the "in" and "out" envelope wave functions at x = 0:
The coefficients here form two N × N unitary matricesŜ andŜ, which describe the boundary scattering of electrons and holes, respectively, at the Fermi level in the normal state. 18 The relation (6) between the electron and hole Hamiltonians implies a certain relation betweenŜ andŜ. The Fermi-level electron scattering matrix is found by solving the single-particle Schrödinger equationε|Ψ = 0, whereε includes both the bulk and boundary contributions. Asymptotically, i.e., inside the wire and sufficiently far from the boundary region, we have |Ψ = n (A n |k in n , n + B n |k out n , n ). The S matrix is defined by the relations
Similarly, the Fermi-level hole scattering matrix is found by diagonalizing the hole Hamiltonianε, which also includes the bulk and boundary terms. It is easy to see that the state |Ψ = A −1 |Ψ satisfiesε|Ψ = 0, see Eq. (6) . Sincễ ε =ε in the bulk of the wire, we have |Ψ = n (Ã n |k in n , n +B n |k out n , n ) away from the boundary. By analogy with Eq. (8), one can write A −1 |k = τ (k)| − k , where τ (k) is a phase factor (here we omit the band indices, for brevity). It is easy to show that τ (k) = t(−k). Using k out n = −k in n , we haveÃ n = B * n τ n (k out n ) = B * n t n (k in n ) and B n = A * n τ n (k in n ) = A * n t n (k out n ). For the hole scattering matrix, which is defined bỹ
we obtain the following expression:S
Choosing the phases of the Bloch states in such a way that t n (k out n ) = 1 for all bands and using the fact that t n is even (odd) in momentum for A 2 = 1 (A 2 = −1), we finally arrive at
In general, the scattering matrix should be regarded as a phenomenological input. In some cases, if a treatable microscopic model of the band structure and the boundary potential is available, then the scattering matrix can be calculated analytically, see the examples in Sec. IV below and in Ref. 19 .
In the particular case of an A-invariant normal state, when both the bulk of the wire and the boundary have the same antiunitary symmetry, we haveε =ε everywhere and the electron-like and hole-like quasiparticles scatter in the same way. Therefore,Ŝ =Ŝ and Eq. (14) becomes
In the A-invariant case, Eq. (16) becomes a constraint on the S matrix:Ŝ ⊤ = ±Ŝ for A 2 = ±1.
In general, if the boundary does not have the symmetry A of the bulk of the wire, then the S andS matrices are neither symmetric nor antisymmetric, but are still related by Eq. (16) . Inserting the envelope functions (13) into the boundary conditions (14) , we obtain a system of 2N linear equations for C(k in n ) and C(k out n ). It has a nontrivial solution if detŴ (E) = 0,
whereŴ (E) =Ŝ − diag (α out, * 1 , ..., α out, * N )Ŝ diag (α in 1 , ..., α in N ). Using Eqs. (9), (10), and (16) , this can be represented in the following form:Ŵ
whereD(E) = diag [e iθ1(E) , ..., e iθN (E) ] and we introduced the notation α out n (E) = e iθn(E) . Finally, observing that W ⊤ (E) = −D(−E)Ŵ (−E)D † (E), we obtain:
One can draw two important conclusions from this last equation. First, the ABSs with nonzero energies come in pairs: if E is the energy of an ABS localized near one end of the wire (near x = 0), then there is another ABS localized near the same end, with energy −E. Second, since detŴ (0) = (−1) N detŴ (0), there is at least one zero-energy ABS if N is odd, in agreement with the argument presented in Ref. 4 . There is another zero-energy ABS localized near the other, infinitely remote, end of the wire. These two solutions can be interpreted as two Majorana modes, or two "halves" of one highly nonlocal usual (i.e., complex) fermionic mode. In a wire of a finite length l, the zero-energy ABSs hybridize, producing two states with exponentially small nonzero energies ±O(e −∆l/vF )∆. We see that generically there is no zero-energy ABS if the number of bands is even, i.e., in all Type II wires, as well as in Type III wires with an even N . In these systems, the zero-energy states may exist, but they are unstable against any A symmetry-breaking perturbation. In contrast, if the number of bands is odd, which is only possible in Type III wires, then there always exists at least one zero-energy Majorana mode near the end of a half-infinite wire, regardless of the relative phases of η n and the details of the boundary scattering. This can also be understood using the language of the tenfold symmetry classification (Ref. 20) . If the A symmetry of a Type III wire is broken (by the superconducting order parameter and/or the boundaries), then the whole system is in Class D, characterized in 1D by a Z 2 invariant (−1) N , and is therefore topologically nontrivial if N is odd. If the A symmetry is not broken, then the system is in Class BDI, which is characterized in 1D by a Z invariant, 21 whose simple explicit form was found in Ref. 10, see Eq. (27) below.
IV. RASHBA WIRE IN A MAGNETIC FIELD
As an example of the theory developed in the previous section, let us consider a half-infinite wire in which the antisymmetric SOC is described by the Rashba model 8 and TR symmetry is broken by a magnetic field H along the z axis. The Hamiltonian of the wire at x > 0 has the following form:
where the first term describes a single spin-degenerate 1D band in the effective mass approximation, ǫ F = k 2 F /2m * is the Fermi energy, andk x = −i∇ x . The last term, where Γ(k) = akŷ + µ B Hẑ,σ are the Pauli matrices, and µ B is the Bohr magneton, combines the Rashba SOC and the Zeeman energy. The boundary is described by an infinitely high wall at x = 0. The electron spectrum in the bulk of the wire (at x > 0) consists of two nondegenerate bands
labelled by the helicity λ = ±. Depending on the magnetic field strength, the number of bands crossing the Fermi level is either two, at µ B H < ǫ F , or one, at µ B H > ǫ F . According to Sec. II, the Hamiltonian (20) describes a Type III wire with the magnetic class G M = D y (E) or V(C 2 ). The antiunitary symmetry A = Kσ y is preserved by the boundary, but may be broken by the superconducting order parameter. Superconductivity in this model has p-wave symmetry, see Eq. (10), corresponding to a two-band or one-band continuous version of the Kitaev chain.
The band spectrum of the wire in the weak field limit is shown in Fig. 1 . The general wave function of the Fermi-level quasiparticles at x > 0 is a superposition of two incident and two reflected Bloch waves:
where k out λ = k F,λ and k in λ = −k F,λ . Using the parameterization Γ(k) = |Γ(k)|(ŷ sin θ k +ẑ cos θ k ), with the eigenstates of the Hamiltonian (20) have the following form:
where v λ (k) = ∂ξ λ /∂k. We use the normalization in which the magnitude of the probability current carried by each of the plane-wave states (23) is equal to one. The phases of the band states are fixed as follows. According to Eq. (8), we have A|k, λ = t λ (k)| − k, λ . It is easy to check that the action of the antiunitary symmetry A = Kσ y on spin-1/2 wave functions in 1D is given by AΨ(x) = −Ψ * (x). Using the fact that θ −k = −θ k and choosing t λ (k) = 1 for all k, which is the simplest form compatible with the requirement that t λ (−k) = t λ (k), we arrive at Eq. (23).
From the boundary condition for the wave function (22) at an infinitely high wall,
Ψ(x = 0) = 0,
we obtain two linear relations between the amplitudes of the reflected (B ± ) and incident (A ± ) waves. These relations can be written in the form
is the boundary scattering matrix of the Fermi-level quasiparticles. Here θ λ = θ(k F,λ ) and v F,λ = v λ (k F,λ ). Since both the wire and the boundary are A-invariant and A 2 = +1, one should haveŜ =Ŝ ⊤ =Ŝ, see Sec. III. It is straighforward to show that v F,+ / sin θ + = v F,− / sin θ − , which means that the S matrix (25) is indeed symmetric and unitary.
Let us now take into account superconducting pairing. According to Eq. (10), the gap functions in the helicity bands are given by ∆ λ (k) = iη λ ϕ λ (k), where ϕ λ (k) ∝ k are p-wave basis functions. The order parameter components η ± can be generally written as
If the phase difference χ is equal to 0 or π, then the order parameter is real and the antiunitary symmetry A of the normal state is preserved in the superconducting state. At any other value of χ, the superconducting state is not A invariant.
Substituting the scattering matrix (25) in the ABS energy equation (18), we obtain:
Therefore, the ABS spectrum consists of symmetric pairs ±|E|, and the zero-energy states, if they exist, are twofold degenerate. It follows from Eq. (26) that the zero-energy ABS (the Majorana modes) are present only if χ = 0, which agrees with the topological arguments. Indeed, at χ = 0 or π the wire, the boundary, and the superconducting order parameter are all A invariant, so that the system is in the symmetry class BDI and the relevant Z topological invariant, which gives the number of the MFs, is
where N + (N − ) is the number of bands with positive (negative) order parameter (Ref. 10) . For χ = 0 this expression yields N MF = 2, while for χ = π we have N MF = 0. According to Eq. (26), the two zero-energy ABSs are unstable against a small fluctuation of the relative phase: if χ = δχ, where |δχ| ≪ 1, then
This is again consistent with the topological arguments. At δχ = 0, the A symmetry is broken in the superconducting state, changing the symmetry class from BDI to D. The Z 2 topological invariant is (−1) N and the MF number is given by
(28) Therefore, the system with N = 2 is topologically trivial and does not have MFs.
The band spectrum of the wire in the strong field limit is shown in Fig. 2 . In this case, the states corresponding to the minority band (λ = +) are described by evanescent waves in the bulk of the wire. Although the positive helicity states do not participate in the superconducting pairing, one has to take them into account when calculating the boundary scattering matrix, in order to satisfy the boundary condition. The wave function of the Fermi-level quasiparticles at x > 0 has the form , where p 1 = ak F /ǫ F and p 2 = µ B H/ǫ F . Substituting Eq. (29) in the boundary condition (24), we obtain the following expression for the only element of the S-matrix:
It is easy to see that |S −− | = 1, in agreement with the particle number conservation, which requires |B − | 2 = |A − | 2 . The superconducting order parameter has one component η − and the ABS energy equation (18) takes the form
The only solution is E = 0, which corresponds to a nondegenerate zero-energy ABS and is interpreted as a single MF. A remarkable feature of Eq. (31) is that it does not contain S −− and is therefore completely insensitive to the details of the boundary scattering. This means that the Majorana state is always present in a single-band wire, in agreement with the general analysis in Sec. III. The symmetry class is either BDI (for an A-invariant boundary, such as an infinitely high wall) or D (for an A symmetry-breaking boundary). According to Eqs. 
V. CONCLUSION
To summarize, we calculated analytically the ABS spectrum in a half-infinite superconducting wire with an arbitrary number of bands, without resorting to any particular microscopic model of the band structure. We have proved that there is one zero-energy MF at the end of the wire if (i) the normal state of the wire has an antiunitary symmetry A, satisfying A 2 = 1, and (ii) the number of bands crossing the chemical potential is odd. This MF is still present even when the superconducting order parameter and/or the boundary scattering are not A-invariant. The general analysis is illustrated using as an example a half-infinite Rashba wire in a perpendicular magnetic field.
